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Abstract—Multi-objective stochastic integer programming is
an optimization technique in which the objective functions and
some constraints of an optimization problem contains integer
variables and random data which follow discrete probability
distribution. Once a problem requires a stochastic formulation, a
first step consist in transforming the problem into an equivalent
deterministic formulation. In the second case, it is necessary to
transforming the multi-objective problem into a mono-objective
problem. An algorithm combined the integer L-shaped method
and branch and bound method with efficient cuts concept for
the search of integer efficient solutions.This approach has the
advantage to give the decision maker the efficient solution and
their corresponding optimal cost values of the random constraint
violations. A numerical example is included for illustration.

I. PROBLEM FORMULATION

We consider multi-objective integer linear programming
problems involving random variable coefficients in both ob-
jective functions and some constraints of the following model
(see [1], [6]):

(P )


min Ci (ξ)x, i = 1, ..., k

T (ξ)x = h (ξ)

x ∈ S, x integer

where k ≥ 2; Ci, T and h are random matrices defined on
some probability space (Ω, E, P ) ;S = {x ∈ Rn|Ax = b, x ≥
0}. The vector b ∈ Rm and A the m×n real matrix are given
and x is to be determined.

A. The transformed deterministic model

Assume that we have a joint finite discrete probability
distribution of the random data : {(ξr, pr) , r = 1, ..., R} . R
is the number of realizations (scenarios).

For each realization ξr we associate a criterion Ci (ξr)x, a
matrix T (ξr) , a vector h (ξr) and a recourse matrix W (ξr) =
W. In this article the recourse matrix W does not change, this
is called fixed recourse [3]. We assume that the decision maker
is able to satisfactorily specify the penalties qr of the constraint
violations zr. The above problem is equivalent to the so-called
Deterministic Equivalent (DE) Multi-Objective Integer Linear
Programs MOILP [2].

(DE)

{
min Zi = Źi +Q (x) , i = 1, ..., k

x ∈ S, x integer
(1)

where Źi = Eξ [Ci (ξ)x] , Q (x) = Eξ [Q (x, ξ)] and

Q(x, ξr) = min{(qr)tz | T (ξr)x+W (ξr)z = h(ξr), z ≥ 0}.
(2)

B. The transformed mono-objective model

We transform the DE problems in the following way

(DEλ)

{
min λT Ź +Q (x)

x ∈ S, x integer
where λT = (λ1, ..., λk) ≥ 0, with at least one component
strict inequality.

II. SOLUTION METHOD

(Pl)


min λTE

[
CTi (ξ)x

]
+ θ

Dlx ≥ dl, l = 1, ..., N

Elx+ θ ≥ el, l = 1, ...,M

x ∈ Sl

(3)

(Pl) obtained at node l in a structured tree.
Nl is the indices set of non-basic variables of efficient solution
xl;

Hl =
{
j ∈ Nl | ĉijl < 0

}
, where ĉijl is the component j of

the reduced cost vector of the objective function Źi.
Sl+1 =

{
x ∈ Sl \

∑
j∈Hl

xj ≥ 1
}
.

N and M indicate the number of feasibility cuts and optimality
cuts, respectively, added until step l.

Starting with θ = −∞ and without feasibility cuts,
optimality cuts and efficiency cuts. The objective
λTE

[
CT (ξ)x

]
is minimized under the deterministic

constraints. If for some realizations the second stage
problems yielded by the solution x are not feasible, a
feasibility cut is introduced. Then, the problem is optimized
again to obtain another feasible point x. If x is not integer,
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create two new branches at fractional component of x; and
get the ideal solution of each node then append the new
nodes to the list of dangling node if these nodes is not
dominated by ideal solution. Using xl, we solve the recours
problem for all realizations ξr, r ∈ {1, ..., R}, and compute
Q
(
xl
)
. If θl < Q

(
xl
)

then a new optimality cut Elx ≥ el
is added to the current problem(Pl) . In presence of integer
optimal solution, An efficient cut

∑
j∈Hl

xj ≥ 1 is then added

for deleting integer solutions that are not efficient and the
new program is solved. The method terminates when all the
created nodes are fathomed.

III. NUMERICAL ILLUSTRATION

Let us consider the following example with a similar struc-
ture to that of problem (P ) , k = 3, n0 = 4,m0 = m = n =
2, R = 2.

Deterministic constraints :

{
−4x1 + 2x2 ≥ −8

x1 + x2 ≤ 5
Objective function

C
(
ξ1
)

=


−9 4

3 −5

8 −11

 , C
(
ξ2
)

=


3 −2

7 1

−4 9

;

T
(
ξ1
)

=

(
1 2

−2 1

)
, T
(
ξ2
)

=

(
1 0

3 4

)
;

h
(
ξ1
)

=

(
3

5

)
, h
(
ξ2
)

=

(
6

1

)
;

q1 = q
(
ξ1
)

= (1, 0, 6, 2)
t, q2 = q

(
ξ2
)

= (5, 3, 2, 1)
t;

p
(
ξ1
)

= 1
2 , p

(
ξ2
)

= 1
2 ;

W (ξ) = W =

(
−2 −1 2 1

3 2 −5 −6

)
;

Ź1 = (−3, 1), Ź2 = (5,−2) , Ź3 = (2,−1).
λT = (1, 1, 1) , λTE

[
Ci (ξ)

]
= (4,−2)

• First iteration
Ξ0 = {(P0)}. The resolution of the problem (P0)

(P0)


min 4x1 − 2x2

s.t. 4x1 − 2x2 + x3 = 8

x1 + x2 + x4 = 5

x1, x2, x3, x4 ≥ 0

gives the following table I:
, minimum is at x0 = (0, 5) .

• Test of feasibility:

h
(
ξ1
)
− T

(
ξ1
)
x0 =

(
−7

0

)

h
(
ξ2
)
− T

(
ξ2
)
x0 =

(
6

−19

)

TABLE I
STOCHASTIC FEASIBLE SOLUTION

B Rhs x1 x4

x3 18 6 2

x2 5 1 1

λT Ź 10 6 2

Ź1 −5 −4 −1

Ź2 10 7 2

Ź3 5 3 1

TABLE II
OPTIMALITY CUT

B Rhs x1 x4

x3 18 6 2

x2 5 1 1

θ 26
4

7
4

5
4

λT Ź 10 6 2

Ź1 −5 −4 −1

Ź2 10 7 2

Ź3 5 3 1


max − 7σ1

1 + 0σ2
1

s.t. σT1 W ≤ 0

σ1
1 + σ2

1 ≤ 1

, maximum is at : σT1 = (0, 0)
max 6σ1

2 − 19σ2
2

s.t. σT2 W ≤ 0

σ1
2 + σ2

2 ≤ 1

, maximum is at : σT2 = (0, 0)
d1 − D1x

0 = 0, d2 − D2x
0 = 0. This means that x0 is

feasible for the second stage.
Optimality Test:{

max − 7π1
1 + 0π2

1

s.t. πT1 W ≤ (1, 0, 6, 2)T

,maximum is at : πT1 =
(
−1, −12

)
{

max 6π1
2 − 19π2

2

πT2 W ≤ (5, 3, 2, 1)T

, maximum is at : πT2 = (1, 0).

e1 =
2∑
r=1

prπ
t
rh (ξr) = 1

4 , E1 =
2∑
r=1

prπ
t
rT
(
ξ2
)

=
(
1
2 ,
−5
4

)
,

Q
(
x0
)

= e1 − E1x
0 = 13

2 , θ0 = −∞ < 13
2 = Q

(
x0
)
,

E0x + θ0 ≥ e0 ⇔ −7
4 x1 −

5
4x4 + s1 − θ = −26

4 . Add this
optimality cut to the last obtained table I to obtain table II.

The minimum is reached to x0 = (0, 5) , Z0 =
(
23
2 ,
−7
2 ,

3
2

)
.

Z̄ = (+∞, ...,+∞) is dominated by Z0 then the set of
non dominated solutions is updated ND = ND ∪

{
Z0
}
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TABLE III
STOCHASTIC EFFICIENT SOLUTIONS

Iteration i = 1 i = 2 i = 3 i = 4 i = 5

xi (2, 3) (1, 3) (1, 4) (0, 4) (0, 5)

θi 3 7
2

19
4

21
4

13
2

Źi (−3, 4, 1) (0,−1,−1)
(
1, −7

2
,−2
)

(4,−8,−4) (5,−10,−5)

Z̃i = Źi + θi (0, 7, 4)
(
7
2
, 5
2
, 5
2

) (
23
4
, 5
4
, 11

4

) (
37
4
, −11

4
, 5
4

) (
23
2
, −7

2
, 3
2

)
Proceeding in this manner, the algorithm terminates when

all dangling nodes are fathomed, then the set of the whole
integer efficient solutions is given by table III:

IV. CONCLUSION

In this paper, an exact method combining integer L-Shaped
method [7] with efficient cuts is described for generating
all efficient solutions for multiple objective stochastic integer
linear programming problems [4], [5], [8] is presented.
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